Abstract-Multi-resolution grid computation is a technique used to speed up source localization with a Maximum Likelihood Estimation (MLE) algorithm. In the case where the source is located midway between grid points, the MLE algorithm may choose an incorrect location, causing following iterations of the search to close in on an area that does not contain the source. To address this issue, we propose a modification to multi-resolution MLE that expands the search area by a small percentage between two consecutive MLE iterations. At the cost of slightly more computation, this modification allows consecutive iterations to accurately locate the target over a larger portion of the field than a standard multi-resolution localization. The localization and computation performance of our approach is compared to both standard multi-resolution and single-resolution MLE algorithms. Tests are performed using seven data sets representing different scenarios of a single radiation source located within an indoor field of detectors. Results show that our method (i) significantly improves the localization accuracy in cases that caused initial grid selection errors in traditional MLE algorithms, (ii) does not have a negative impact on the localization accuracy in other cases, and (iii) requires a negligible increase in computation time relative to the increase in localization accuracy.
I. INTRODUCTION
The ability to detect and localize radiation sources is needed for a number of national security tasks [1, 2] . There are many difficulties associated with these tasks, particularly when radiation sources have low strength:
• Radiation counts of detectors follow a Poisson distribution [3] , so higher counts also have higher variance.
• The measured level of radiation is proportional to the inverse of the squared distance between the detector and source.
• The measured radiation is affected in complex ways by shielding between the source and detector due to buildings and surrounding materials.
• Background radiation due to naturally occurring isotopes, cosmic rays, and human sources (x-rays, nuclear reactors, etc.) is always present and adds noise to the measurements. Many methods have been proposed for localizing a radiation source using a detector network [4] [5] [6] . Geometric methods such as Difference Time of Arrival (DTOA) [7, 8] , and Ratio of Squared Distances (RoSD) [9] use the coordinates of sensors combined with measurements to infer the source location. Bayesian estimation localization methods, such as the particle filter [10] [11] [12] , assume parameters are stochastic with known distributions. Grid search methods search to find the most likely source location among the grid points [13] . One of the most prominent grid search methods is Maximum Likelihood Estimation (MLE), which uses a brute force search to estimate source parameters [14] .
One flaw of MLE is that localization is based on calculations at isolated points distributed over the search field. This issue is prevalent when using multi-resolution MLE localization, which uses several iterations of a coarse grid to speed up the localization. In this case, an incorrect grid selection on the first iteration will cause following iterations to search within an area that does not contain the source, leading to a large localization error. In this paper, we introduce a method to mitigate such errors. For each multi-resolution iteration, we increase the size of the grid region to compensate for cases where the source may be located near the border of a neighboring grid region. Compared to the standard multiresolution MLE, we show that this method achieves (i) a significantly lower error when a source is located near the boundary, and (ii) a similar error in other cases. We also compare our method to a single-resolution MLE and show that it accurately tracks a moving source.
The experiments are implemented in Matlab. We utilize seven indoor data sets [15] collected during Intelligent Radiation Sensor Systems (IRSS) tests, supported by the Domestic Nuclear Detection Office (DNDO) in Department of Homeland Security (DHS) [2] .
The rest of the paper is organized as follows. In Section II, we provide a brief survey of the related literature. In Section III, we present an overview of MLE and describe our method of using grid expansion to correct grid selection errors. In Section IV, we introduce the data sets used in our tests. In Section V, we describe the tests performed and parameters used for computation. In Section VI, we present our results with a discussion. We conclude our work in Section VII.
II. RELATED WORK
In [11] , Guantilaka et al. compared the performance of an MLE algorithm, an unscented Kalman Filter, and an extended Kalman Filter with the theoretical Cramer-Rao bound on the localization of a single radioactive point source. Using simulations, they found that the MLE algorithm approached the Cramer-Rao bound as the number of measurements increased. They also found that MLE localization performed better than both Kalman Filter variants. In [16] , Guantilaka et al. combined MLE with Bayesian estimation methods to estimate the location and strength of a chemical plume source.
In [14] , Chen et al. used MLE for the localization of wideband radio signals. Vijaykumaran et al. [17] created an MLE algorithm for the localization of a diffusive gas source. Sheng and Hu [18] compared an MLE localization algorithm with other algorithms to localize multiple acoustic energy sources using a wireless ad-hoc sensor network. They derived the Cramer-Rao theoretical lower bound on the estimation accuracy for acoustic MLE localization. In [9] , Chin et al.
proposed an iterative pruning (ITP) algorithm for the localization of radiation point sources within a detector network. They tested their algorithm with other methods including MLE and determined that the MLE algorithm is more accurate while their ITP algorithm is more computationally efficient.
In [13] , Vilim et al. developed the RadTrac software system, which localizes a single radiation source by minimizing the negative log-likelihood function. They tested their method for a single source of varying strengths within a field of four detectors. In [19] , they used their RadTrac system to track a weak radioactive source for different cases of a crowded indoor scenario. In [20] , Vilim et al. developed a probabilistic localization method using MLE to localize a single radiation source using directional and isotropic detectors.
In [21] , Deb used an expectation maximization (EM) computation to determine a starting point for a multi-resolution MLE localization algorithm. They showed that the EM method allows reliable starting point selection that surpasses standard multi-resolution methods. Their method was used to localize multiple stationary radiation sources as well as a single moving source with a field of 16 detectors laid out in a grid.
The goal of our work is to modify the multi-resolution MLE algorithm to improve localization performance in cases where the localized source is on or near a grid boundary while retaining satisfactory localization performance in other cases.
III. MLE FOR SOURCE LOCALIZATION

A. MLE Overview
A radioactive source is located within a distributed field of detectors. The location of the source within the field is described by coordinates (x s , y s ) and the intensity of the source is given by λ s in units of disintegrations-per-second. 
where
Assuming that the field contains no foreign obstacles, consists of a uniform propagation medium with a negligible attenuation coefficient, and contains a uniform background intensity, the radiation level at the ith detector due to a source with parameters θ = {x m , y n , λ p } and background intensity, λ b , is
2 is the square of the Euclidean distance between the ith detector and the point of inspection. Each individual measurement c ij for j = {1, 2, . . . , w} is described by a Poisson process with parameter λ i [3] . As consequence, the probability of the ith detector receiving c ij counts over one second is
Since each measurement c ij is independent, the probability that all N d detectors each record respective series of measurements c i over time window, w, is given by the joint probability
We represent (4) in log space to avoid underflow error:
(5) We determine the log-likelihood function, L(θ), by simplifying (5) and removing the c ij ! term since it is invariant to the input parameters, θ:
The maximum likelihood estimate,θ s = {x s ,ŷ s ,λ s }, of the ground truth with parameters,
The general process for the MLE localization described in this section is provided in Algorithm 1.
B. Multi-Resolution Grid Search
The resolution of an MLE grid search is defined by the distance between each parameter value in the search. This distance can be gleaned from (1) as the total range of the parameter divided by the quantization values N x , N y , and N λ . A high resolution search requires large values for N x , N y , and N λ , and as consequence, requires a large number of solutions of the log-likelihood function defined in (6) . A modification to the standard MLE grid search, multi-resolution MLE, is a common method [21, 22] used to achieve a high resolution estimate without the typical drawback of large computational complexity. Multi-resolution MLE is a series of increasingly higher resolution grid searches that are each bounded by the estimate selected by the previous search. Such a process allows the grid search to focus in on a high-likelihood area of parameter space while ignoring low-likelihood areas, effectively reducing the total number of computations.
We are primarily interested in determining the location parameters of the source. Therefore, we perform the multiresolution search solely over the x and y parameters, keeping for all vertical grid coordinates y n do 5: for all source strengths λ p do 6: for each ith detector at the jth time step do 7:
8:
end for 10:
L max ⇐ L; 13 the search over λ to a single-resolution. Since we only perform the multi-resolution search over the x and y parameters, we visualize the mid-point search as a two-dimensional grid of size N x × N y laid over the search field, with the (x m , y n ) parameter coordinates located at the center of each respective grid region. For the multi-resolution algorithm, we define the search area of each consecutive layer of resolution as the grid region of the parameter coordinates selected by the previous search, (x s ,ŷ s ). The area of this grid region is defined by ranges, [x min , x max ] and [y min , y max ], such that:
The general steps for a multi-resolution MLE grid search over the spatial parameters are given in Algorithm 2.
With the correct N x , N y , and M values, a multi-resolution MLE algorithm will run faster than a single-resolution MLE algorithm to the same final resolution. For example, a singleresolution MLE localization with N x = 32 and N y = 32 requires N x N y N λ = 1024N λ computations of (6) . A multiresolution MLE localization with N x = 2, N y = 2, and M = 5, achieves the same final resolution as the singleresolution localization, but only requires N x N y N λ M = 20N λ computations of (6) . A visual comparison of this example is given in Figure 1 . Observe that the N x × N y grid drawn over the total search space denotes the bounding grid regions for each searched coordinate, with the searched coordinate at the center of the respective region. The boundary of the grid region containing the final estimate is colored red and the selected source location estimate is denoted by a black dot. Each consecutive layer of the multi-resolution localization is nested within the boundary grid region of the estimate selected by the prior layer.
C. Correcting Grid Selection Errors in Multi-Resolution MLE
The use of multi-resolution MLE comes with performance trade-offs. Specifically, the multi-resolution MLE is liable to be mislead by local maxima within the search field [18] region, the following search layers get stuck localizing on an area that does not contain the source. Define such an event as a 'grid selection error'. Grid selection errors are liable to occur when the ground truth is located near a boundary between two or more grid regions. In this situation, the loglikelihood values computed for the two or more regions are close in value, leaving room for the signal variance to cause incorrect selection. Grid selection errors have the potential to add significant error to the multi-resolution MLE localization. Specifically, the localization error is likely to be much larger when using a small grid size (such as 2 × 2) each layer than when using a large grid size (such as 32 × 32) since fewer points are compared over the same area and the distance between search points is greater.
To mitigate grid selection errors, we expand the search area 
By expanding the search area, we include areas close to the border of the selected grid point from the previous iteration. Doing so lets the search ranges of the subsequent layers to move outside the range of the initially selected grid region, effectively reducing the effect of the grid selection error. Grid expansion allows the multi-resolution grid search to span a much larger range of the detector field than a normal multiresolution localization. An example of using grid expansion to fix an incorrect initial grid selection made in the first layer of resolution is given in Figure 2 . A similar multi-resolution method that contains built-in error tolerance is used for image processing in [22] .
One drawback of using grid expansion is that localization resolution is lost due to increasing the search region every layer. Hence, more layers must be performed to achieve the same resolution as a standard multi-resolution MLE search. In most cases, it only requires one or two additional layers, depending on the size of the field and the grid dimensions.
IV. DATA SET INFORMATION
The data used for this paper were generated at the Low Scatter Irradiator (LSI) facility at the Savannah River National Laboratory as part of DNDO IRSS program [2] . Several indoor and outdoor tests were performed using various source strengths and types. These canonical data sets were packaged [15] and uploaded to Github for public use [23] .
We focus on seven indoor data sets containing a single radiation source. Each set of data contains the detector count readings resulting from the exposure to a single radiation source located within a field of detectors. All data set scenarios used 22 stationary detectors laid out in two concentric circles and a spiral pattern across an 8m × 8m indoor field. Of the 22 detectors, 18 are 2"x2" NaI scintillators that we use for detection. The other 4 are ignored in our computations since they use another detection technology. The location of the detectors remain constant while the strength and location of the source within the field varies between the seven test cases. The type of source is Cs-137 for all data sets except A-07, which uses a Co-57 source. To search for a specific source type, we perform localization using counts taken over the corresponding spectral bin for the source type; bin 12 for Cs-137 and bin 3 for Co-57. One data set (D-01) contains a moving source while the other six contain a stationary source. In the D-01 data set, the source starts in the top right corner of the field, and moves in a straight line to the center of the field. Once it reaches the center of the field, it moves in a straight line back to the starting position in the top right corner. Table  1 lists the test cases and their respective source locations and source strengths. The field layout is visible in Figures 1 and  2 with the source location labeled as 'S' and the detectors numbered respectively.
V. EXPERIMENTAL SETUP
We performed two tests to evaluate the localization performance of multi-resolution MLE with grid expansion:
1) compare the speed and localization error of multiresolution MLE using grid expansion with standard multi-resolution MLE and single-resolution MLE; 2) determine the localization performance of multiresolution MLE with grid expansion for the moving source in the D-01 data set when using a 10-second sliding window.
With the first test, we investigate the trade-offs between multi-resolution MLE with grid expansion, single-resolution MLE , and standard multi-resolution MLE. In this test, we use the entire time windows for the six data sets with a stationary source listed in Table I . This test also investigates the viability of using grid expansion to mitigate the grid selection error that occurs when using a standard multi-resolution algorithm. The grid selection error described in Section III occurs intermittently in the A-04, A-07, C-01, and C-02 data sets. The issue occurs in these data sets because the source is of low strength and located near the border of four grid regions in the first or second layer if a 2 × 2 grid is used. If grid expansion properly mitigates this issue, then the localization errors for the A-04, A-07, C-01, and C-02 data sets when using our grid expansion algorithm should be significantly lower than the errors in the standard multi-resolution algorithm.
The second test aims to show real-time capability of using grid expansion with multi-resolution MLE. Specifically, we want to determine whether our localization method is able to localize the moving source in the D-01 data set with a low error for the IRSS specification of a 10-second time window. For this test, we record the localization error as the distance between the MLE estimate and average location of the ground truth over each 10-second window.
A. Selection of Localization Parameters
We define the initial spatial parameter ranges [x min , x max ] and [x min , x max ] by the smallest bounding rectangle that includes each detector. For the single-resolution MLE, we consider 32 × 32 grid, and for the standard multi-resolution MLE, we consider a 2 × 2 grid with 5 iterations. With these parameters, both achieve the same search resolution of 25cm × 25cm area per grid region for the final selected point. For the multi-resolution MLE with grid expansion, we consider a 2 × 2 grid with 7 iterations and an expansion factor of 1/8th. We perform 7 iterations to keep the localization resolution similar to that of the standard MLE localizations. The final grid region for the 7th iteration with 1/8th grid expansion is 29.8cm × 29.8cm, which was closer to the final resolution of the other methods, 25cm × 25cm, than the same method with 8 iterations. The final resolutions for each method were measured empirically.
To determine average background levels across the field, we compute the mean counts for all runs of the LSI Background data set in bins 12 and 3 for their respective use in the Cs-137 and Co-57 data sets.
Since the detectors record individual radiation events, we search over the source strength in terms of detector counts, not Curies. The source strength and source type vary between datasets, so no single hard-coded source range is efficient for all scenarios. As such, we developed an automatic sourceranging method that computes a sufficiently large source strength using the highest detector count in the current win- dow. Our metric for the highest possible source strength in the field is given as
where λ max is the upper bound on our source range, max(c i,j ) is the highest detector count value within the current time window among all detectors, and D m is the distance of the hypotenuse of the entire search field. We found that λ max is typically much larger than needed to bound our source range and it can be further attenuated on a case by case basis, however further investigation needs to be done to provide a more reliable heuristic. With our implementation, we search over 100 evenly spaced source strengths from 1 to the value of the metric in (10) . Note that the number or source values searched will drastically affect the computation time of the localization. We leave optimization of source range selection for a future work.
VI. RESULTS AND DISCUSSION
We implemented our experiment in Matlab on a machine running Linux Mint 17 with an Intel Core i5-3470 3.20 GHz processor. For both tests, we recorded the average values of localization error and computation time among all runs. For localization errors, we also computed the 95% confidence intervals among the runs. We left out the confidence intervals for computation time because variance between runs was negligible and dependent on computer hardware, not the algorithm.
First, we compared three different MLE localization methods on all stationary source data sets (A-04, A-07, C-01, C-02, C-03, C-04) using their complete run times for the time window. Table III shows the average performance for each data set with the single-resolution MLE localization, standard multi-resolution localization, and the multi-resolution localization with grid expansion. Table II shows the total average performance metrics among all runs of all data sets for each method. The average localization errors are presented with a 95% confidence interval.
As expected, the single-resolution localization had the best localization accuracy of the three methods. Multi-resolution with grid expansion achieved within 7 cm of localization error performance of the single-resolution method on the A-04, C-01, C-02, C-03, and C-04 data sets. It performed within 12 cm of the single-resolution for the A-07 data set. Our method localized significantly better than the standard multi-resolution method on the A-04, A-07, C-01, and C-02 data sets, and performed slightly better or on par with for the C-03 and C-04 data sets. As mentioned in Section V, grid selection errors occurred in the standard multi-resolution MLE localization for the A-04, A-07, C-01, and C-02 data sets. These incorrect selections are reflected in the poor localization errors in the standard multi-resolution MLE in the third major column in Table III . The localization errors for the data set vastly improved when using grid expansion. Furthermore, general accuracy was retained for data sets that did not contain the issue. On average, by using grid expansion, we lost an average 2.14 cm of localization accuracy from the single-resolution algorithm, and gained an average of 54.93 cm of localization accuracy over the standard multi-resolution algorithm. The total computation time of the multi-resolution localization method was significantly shorter than that of the singleresolution MLE localization. The grid expansion incurred an extra 0.039 seconds of computation time on average due to the two additional iterations necessary to achieve a similar localization resolution.
The results from the localization of the moving source in the D-01 data set are provided in Figure 3 . The figure displays the mean value of the localization error with 95% confidence for each 10-second sliding window for the six runs in the data set. The error value was calculated as the distance in centimeters from the location chosen by the algorithm to the centroid of the source position over the 10-second window. In the D-01 data set, the source moves from the top right at time 0 to the center of the field at around time 27 and then back to the top right of the field at around time 55. The peaks present in Figure 3 are mirrored around time 27. This mirroring shows that the layout of the detectors affects the localization accuracy since the algorithm had a similar localization error when the source win in the same area. Despite these error fluctuations, the general amount of error is enough to properly track the moving source within the field over the majority of the time. Since we used the same grid parameters for the localization on the D-01 data set as the stationary data sets, the average computation time for each 10-second window was on par with the average computation time of the MLE with grid expansion listed in Table II . Such a computation time is significantly lower than the 10-second specification requires.
VII. CONCLUSION
In this paper, we used grid expansion to mitigate grid selection errors that occur in multi-resolution maximum likelihood estimation (MLE) algorithms. We compared our method to a standard multi-resolution algorithm as well as a singleresolution MLE algorithm using a similar final grid resolution. We found that our method localized a single source with error comparable to the single-resolution MLE method, but with a much faster computation time. Our method also generated significantly lower localization error than the standard multiresolution method for the A-04, A-07, C-01, and C-02 data sets that were liable for initial grid selection errors, all while retaining a similar or better localization performance for data sets that did not encounter grid selection errors. We also found that while the use of grid expansion requires more computation time than the standard multi-resolution MLE, it is still suitable for localization over a 10-second measurement window.
In the future, we plan to expand our algorithm for localization of moving sources over a larger field as well as multiple source cases. We also aim to investigate using the estimated signal variance to determine ideal grid expansion size, as well as determine ideal grid sizes, number of iterations, and source ranges to optimize the MLE localization.
